Abstract: Recent dark matter (DM) direct searches place very stringent constraints on the possible DM candidates proposed in extensions of the Standard Model. There are however models where these constraints are avoided. One of the simplest and most striking examples comes from a straightforward Higgs portal pseudoscalar DM model featured with a softly broken U (1) symmetry. In this model the tree-level DM-nucleon scattering cross section vanishes in the limit of zero momentum-transfer. It has also been argued that the leading-order DM-nucleon cross section appears at the one-loop level. In this work we have calculated the exact cross section in the zero momentum-transfer at the leading-order i.e., at the one-loop level of perturbative expansion. We have concluded that, in agreement with expectations, the amplitude for the scattering process is UV finite and approaches zero in the limit of vanishing DM masses. Moreover, we made clear that the finite DM velocity correction at tree-level is subdominant with respect to the one-loop contribution. Based on the analytic formulae, our numerical studies show that, for a typical choice of model parameters, the DM nuclear recoiling cross section is well below O(10 −50 cm 2 ), which indicates that the DM direct detection signal in this model naturally avoids the present strong experimental limits on the cross section.
Introduction
The nature of dark matter (DM) [1, 2] is still a great mystery of modern physics. Over the last several decades, there have been many experiments to search for DM particles, which focus either on its direct or indirect detection [3, 4] . In particular, the recent XENON1T experiment [5] placed the most stringent upper bound on the DM-nucleon scattering cross section. The limit constitutes a great challenge while constructing DM models.
Some of the simplest realisations of DM are SM extensions with an extra complex scalar field [6, 7] charged under an extra global U (1) and for which the real parte of the singlet acquires a vacuum expectation value (vev) [7] [8] [9] [10] [11] [12] [13] . Then, the pseudo-Goldstone boson A (imaginary component of the complex scalar field) becomes the massive DM candidate if U (1) is softly broken. In turn, the DM-nucleon (AN ) scattering, mediated by the remaining scalars of the theory, the SM-like Higgs and the extra scalar, can be naturally suppressed if the linear breaking term is removed by a Z 2 symmetry [8, 11] . Remarkably, the tree-level DM nuclear recoiling cross section is found to vanish in the limit of zero momentum transfer. Recently, it has been argued in Ref. [11] that the leading-order contribution to DM nuclear scattering arises at the one-loop order. Based on the analysis of the asymptotic behaviour at large and small DM mass, a simple approximate formula for the one-loop DM-nucleon cross sections σ AN was suggested, which implies that the natural value of σ AN should be much smaller than the current experimental upper limits. This result shows that the DM direct detection experiments do not constrain the model, which is explicitly demonstrated in Ref. [13] by scanning the whole parameter space.
However, there are still several potential problems plaguing the above conclusion. Firstly, both the final results given in Ref. [11] and the scans shown in Ref. [13] depend crucially on the aforementioned approximation. One natural question to ask is how accurate this simple approximation is. Secondly, beyond the zero momentum transfer limit, the DM-nucleon cross section is nonzero with the correction coming from the finite momentum transfer. What is the typical order of this finite momentum-transfer correction? Which contribution is dominant, the tree-level cross section or the one-loop one? Furthermore, it is expected that increasingly smaller scattering cross sections will be probed by the next generation of planned experiments XENONnT [14] , LZ [15] and DARWIN [16] (see also [17] ), which imply a demand for increasing precision in the theoretical calculations. Therefore, in order to answer the above questions, and to be prepared for the future experimental results on direct detection, we need to explicitly calculate both contributions analytically and numerically, which is the main motivation to the present work. A similar strategy, although in a context of a different model, has been considered very recently in Ref. [18] .
The paper is organised as follows. In Sec. 2, we briefly introduce the model and clarify our notations and conventions. Sec. 3 is devoted to the calculations of finite tree-level contributions coming from the finite DM velocity or finite momentum transfer. In Sec. 4, we show the analytic expression of the one-loop DM-nucleon cross section in the limit of zero momentum transfer. Then we show our numerical studies in Sec. 5. Finally, the short summary is given in Sec. 6.
The model
We begin our discussion by specifying the Higgs-portal complex scalar DM model [11, 13] . The SM is extended by an extra complex scalar singlet S which possesses an intrinsic global U (1) symmetry S → e iα S. Then we softly break this dark U (1) symmetry to the residual Z 2 symmetry S → −S via a mass term µ 2 S 2 + H.c.. Thus, the scalar potential is given by
where H denotes the SM Higgs doublet. Note that we can make µ 2 real by rotating the phase of S. As a result, an additional dark CP symmetry S → S * of the potential (2.1) emerges. Thus, the total symmetry of this model is Z 2 × CP . Note also that the SM and the scalar S are coupled to each other only via the quartic scalar coupling κ|H| 2 |S| 2 , which is the prominent feature of Higgs portal models. We will consider the case in which the scalars H and S have non-zero vacuum expectation values (VEVs),
By minimizing the scalar potential in Eq. (2.1), we obtain the following two conditions
which can determine both field VEVs as
These are the conditions for the EW gauge and Z 2 symmetries to be broken spontaneously. We will be working in the unitary gauge where the scalars fields are written as
Since the U (1) symmetry is softly broken, the would-be Goldstone boson A becomes massive, with a mass given by m A = −4µ 2 . On the other hand, this particle is odd under the preserved dark CP symmetry, which guarantees its stability so that it can be the DM candidate. The other two CP -even scalar components h and s, with their mass squared matrix given by 5) mix via the following orthogonal transformation to form the mass eigenstates h 1,2 as 6) where s α ≡ sin α and c α ≡ cos α and α is the mixing angle. Denoting the masses of h 1,2 as m 1,2 , we have the following relations
In the following, we will assume that h 1 is the SM-like Higgs already discovered already at the LHC, with a mass of 125 GeV, while h 2 is the other CP-even scalar which we already know is mainly singlet-like since the bound on the mixing angle is at present of the order | sin α| ≤ 0.35 and it come from the combined signal strength measurements of the production and decay of the SM-like Higgs, h 1 [19] . We choose as input parameters for our study m 1,2 , s α , v H,S and m A . The triple-and quartic-scalar terms in the scalar potential Eq. (2.1) generate interaction vertices, which are listed in Appendix A. 3 Tree-level contributions to the DM-nucleon scattering at finite DM velocity
At the tree-level, there are only two diagrams with h 1,2 exchange displayed in Fig. 1 , the corresponding amplitude for the DM-nucleon scattering was shown in Refs. [11, 13] to vanish in the limit of zero momentum transfer. However, a non-vanishing DM-nucleon cross section can be obtained when we consider the finite DM velocity in the rest frame of the DM detector, although its size will be shown to be much smaller than the one-loop quantum contribution presented in the following sections. The total amplitude for the DM-nucleon interaction at tree-level is given by
where q 2 is the DM momentum transfer when it scatters against nucleons. Here m N and f N ≈ 0.3 represent the nucleon mass and its SM Higgs coupling [20] [21] [22] , respectively. In the third line, we have only kept the leading-order dependence on the momentum transfer. Therefore, the tree-level cross section σ tree AN is given by
where
is the reduced mass in the DM-nucleon system, and v A is the DM velocity in the lab frame. Note that the typical relative velocity of a DM particle in the vicinity of the Earth is expected to be v A ∼ 200 km/s, which would suppress the DM nuclear recoil cross section by a factor of order of v 4 A ∼ 10 −13 . If we adopt typical values of parameters, say v S = 1 TeV, m 2 = 300 GeV, s α = 0.1 and m A = 100 GeV, then the tree-level cross section is estimated as σ tree AN = 7.6 ∼ 10 −68 cm 2 , which is too small to be observed experimentally at present but also in the future planned experiments.
4 Explicit calculation of the one-loop DM-nucleon amplitude at zeromomentum transfer
In this section, we explicitly calculate the one-loop contributions to the DM-nucleon scattering cross section. Let us begin by noting that the nucleon couplings to both Higgs bosons h 1,2 in the model are greatly suppressed by the nuclear factor f N m N /v H ∼ 1.2 × 10 −3 . Therefore, the leading-order contributions are given by the Feynman diagrams with only one insertion of this factor, while those with multiple insertions, such as the diagrams with box topology or with one-loop nucleon-h 1,2 vertex corrections as illustrated in Fig. 2 can be discarded as they will be about three orders of magnitude smaller. On the other hand, it is easy to see that the corrections with one nucleon factor insertion for the external nucleon state and the nucleon-nucleon-Higgs vertices are always proportional to the tree-level diagrams, so that they are cancelled identically. As a result, the other diagrams with one insertion of nuclear factor can be viewed as the one-loop correction V
AA1, AA2 to the vertices AAh 1 and AAh 2 . Furthermore, we will work in the limit of zero momentum transfer Figure 2 . Examples of one-loop box and nucleon-h 1,2 vertex corrected diagrams for DM-nucleon scattering, which are discarded due to the presence of the nuclear factor
in the nucleon-Higgs coupling.
q 2 → 0 in order to simplify our calculation, which is justified by the fact that the terms proportional to q 2 are suppressed further by powers of the relative DM velocities as previously was illustrated in the case of the tree-level computations. As a result, the one-loop contributions to the DM nuclear recoil reactions in the present model can be represented as
where the one-loop function F is defined as
AA1 ,AA2 as the aforementioned one-loop corrections to the vertices h 1 A 2 and h 2 A 2 . Therefore, our main task in the present section is to calculate the function F and associated V The above one-loop function, F, should satisfy two consistency conditions. Firstly, since the tree-level AN recoiling amplitude vanishes in the limit of zero momentum transfer, the one-loop amplitude and F should be finite in the same limit. In other words, we do not need to renormalise the model, that is, although we will define a set of counterterms, it will be shown that no renormalisation prescription is needed because the set of diagrams with counterterms only is zero. Consequently, the sum of all diagrams has to be finite. Secondly, in the limit of m 2 A = −4µ 2 → 0, the dark matter particle A would return to its true Goldstone boson nature due to the spontaneous breaking of the global U (1) symmetry. In this limit, it is argued in Ref. [11] that the corresponding AN scattering amplitude should be only proportional to q 2 and thus it should vanish when q 2 → 0. This indicates that F should approach zero in the limit m 2 A → 0. These observations are two important criteria, which are useful to check the correctness of our final result.
Counterterms and the cancellation of the counterterm-insertion diagrams
Before delving into the calculation of the one-loop diagrams, we firstly show the cancellation of the counterterm-insertion diagrams in Fig. 3 . In order to do that, we need to specify some relations among the counterterms in the present DM model. The model has 6 independent parameters as can be seen from Eq. (2.1) that defines the potential and therefore we need 6 counterterms to cancel the UV divergences at the one-loop order. Note that since we will show that we do not need a renormalisation prescription, we refrain from discussing the complete set of renormalisation constants in the Lagrangian. The contribution from the remaining SM terms will be discussed later. We have two methods to construct such counterterms. One is to work with the original Lagrangian parameters in Eq. (2.1) with the following counterterms
which takes the same form as the original potential with the subscript c labelling counterterms. Here we have assumed that the parameters in Eq. (2.1) correspond to the renormalized quantities. Furthermore, as we shall see below, we do not need the field wave function renormalisation counterterms since their contributions either vanish in the limit of zero momentum transfer or are cancelled in the computations 1 . The other way is to define them in terms of the physical mass eigenstates h 1, 2 and A, by writing the following potential terms up to quadratic ones
These two sets of counterterms can be related to each other by expanding Eq. (4.3) in terms of the mass eigenstates, Eq. (2.6), up to quadratic order in fields. The original set can be written in terms of the new set of parameters as
Now we proceed to compute the total contribution from the counterterm insertion diagrams shown in Fig. 3 . Note that the diagrams with external A-line corrections imply the following contributions to F
where the subscript e represents the external DM lines. Here δ A is the DM A wave function counterterm and p 2 is its momentum, and
is the tree-level counterpart of F which appears in the first equality of Eq. (3.1) in the limit of zero momentum transfer. Note that F 0 = 0 if we apply the tree-level relations in Eq. (2.7), which leads to the vanishing F ce . For the remaining diagrams in in Fig. 3 , we can calculate their contributions to the effective vertices AAh 1 and AAh 2 directly as 8) where the subscripts i and v denote the corrections to internal h 1,2 propagators and h 1,2 A 2 vertices, respectively. We also set the four-momenta of the internal h 1,2 lines to be zero since the momentum transfer vanishes by assumption. In each equation in Eq. (4.8), the first two lines correspond to the internal h 1,2 propagator corrections, while the third line to the vertices AAh 1 and AAh 2 corrections. With these two expressions, we can show their contributions to F vanishes
where we have used the relations in Eq. (4.5) to represent the dimensionless coupling counterterms δκ, δλ S , and δλ H in terms of the ones defined with physical mass eigenstates. We have also employed the definitions of the tree-level vertices Eq. (A.1) and the relations in Eq. (2.7).
Cancellation of SM Particle Loops
In this subsection, we will show that the one-loop contributions from the SM particle loops other than the Higgs cancels. For illustration purposes we will adopt the top-quark loops in Fig. 4 to show the main features of this cancellation. Note that the remaining SM particles, quarks, leptons, and electroweak gauge bosons, couple to the Higgs bosons h 1,2 only through the rotation of the doublet neutral components h with the couplings given by
where g η represents the SM particle species η coupling to the original SM Higgs h. For the top quark, its couplings to h 1,2 are y t1 = y t c α and y t2 = −y t s α , respectively. Moreover, it can be seen from Fig. 4 that the SM loops can appear in corrections via the Higgs bosons tadpoles, either connected to the dark matter particle A or to another Higgs line, or via two-point functions, which are corrections to the Higgs propagators or finally as corrections to vertices. For these three contributions, the top-quark-loop AAh 1 and AAh 2 corrections are given by −iV
(1)
where, for top quarks, the tadpole and bubble one-loop integrals can be represented as follows
where Tr denotes the trace over the spinor space. With V
AA1(AA2) e , it is easy to write down the following contribution to F from the external A correction 13) in which the second equality follows the identity F 0 = 0. For the remaining diagrams, we can apply the definitions of the tree-level couplings in Appendix A and the tree-level relations in Eq. (2.7) to directly prove
(4.14)
In the above derivation, what is crucial for the cancellation is the dependence of topquark Yukawa couplings on the mixing angle α. Since for a given Higgs boson h i the mixing matrix enters the same way for all SM fermions and electroweak gauge bosons, therefore the cancellation is present for all SM particles (except h 1,2 ) in the loops as well.
One-Loop Level DM-Nucleon Scattering
Having proved the cancellation of all diagrams involving the counterterms and the SM particle loops, we now focus on loop diagrams generated by the Higgs bosons h 1,2 and the scalar DM particle A. As shown below, we can divide these one-loop diagrams into three classes: the corrections to the external DM lines A, to the vertices V AA1,AA2 , and to the internal Higgs propagators. Note that all expression will be written as a function of the triple-and quartic-scalar terms in the scalar potential Eq. (2.1) listed in Appendix A. It is useful to first define the following one-particle irreducible (1PI) one-loop diagrams.
• The h 1,2 and A tadpole corrections:
15)
• The h 1,2 and A mass squared corrections:
16)
• The 1PI vertex corrections:
,
Note that we have kept the momentum p for external DM states while defining ∆V AA1 and ∆V AA2 . The above 1PI irreducible diagrams are the basic ingredients for constructing more elaborated one-loop Feynman diagrams. 
while the ones from the vertex corrections are as follows:
Thus, the total one-loop contributions to the factor F is given by
where the coefficients A i are defined as follows
Note that in the derivation of Eq. (4.21) we have used the tree-level relations from Eq. (2.7) and the DM particle on-shell condition p 2 = m 2 A . We can utilize the Passarino-Veltman C and D functions as defined in Refs. [24] [25] [26] to further reduce the expression of F to be
where we have used p 2 = m 2 A and the following identity 24) as well as the similar identities for D functions. As anticipated earlier, this expression shows that the one-loop DM-nucleon scattering amplitude is finite in the zero momentumtransfer limit. Moreover, since F is proportional to m 2 A and the C 2 and D 3 functions behave at most as ∼ ln m A in the limit m A → 0, the amplitude vanishes (as expected) in the limit m A → 0. It is highly non-trivial to satisfy both conditions at the same time, therefore this is an important test of our results.
Numerical Studies
Having the explicit expression of the one-loop DM-nucleon recoiling cross section σ (1) AN in Eq. (4.1) with its loop function F in Eq. (4.23), we can calculate the magnitude of the DMnucleon cross section with typical model parameters. In this section, we take v S = 1 TeV, m 2 = 300 GeV, s α = 0.1, while leaving the DM mass varying freely. Note that we have reduced the final analytic expression for F in terms of the Passarino-Veltman functions, so that it is easy to calculate it numerically adopting the package LoopTools [26] . The final result is displayed in Fig. 8 as the smooth solid blue curve. We note that, for the given set of parameters, the DM-nucleon scattering cross section varies between 10 −58 cm 2 and 10 −52 cm 2 when the DM mass m A is in the range of 1 − 10 5 GeV. For the same set of the parameters the curve has a maximum value of σ (1) AN max ∼ 3×10 −53 cm 2 for m A ∼ 630 GeV. This should be compared with the tree-level contribution at the leading order of the DM velocity given in Eq. (3.2), which predicts σ tree AN ∼ 10 −69 -10 −65 cm 2 with the same set of parameters. Thus, we can conclude that the leading-order DM-nucleon cross section is provided by the one-loop contributions at vanishing DM velocity, rather than the finite velocity corrections.
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Scalar DM: v S =1 TeV, m 2 =300 GeV, sinα=0.1 Figure 8 . The DM-nucleon scattering cross section σ AN as the function of the DM mass m A . The blue solid curve represents the exact leading-order one-loop contribution in the limit of vanishing DM velocity, while the yellow dashed curve displays the approximate results proposed in Ref. [11] .
In contrast, we also show as the dashed yellow curve in Fig. 8 the following approximation proposed in Ref. [11] as an estimate of the one-loop cross section
It is clear that when m A lies below 1 TeV, the approximation is about one-order larger than the exact result, while, if m A 1 TeV, the exact σ
AN is almost one-order higher. Nevertheless, these two curves share almost the same scaling behaviour in the limits of very small and very large DM masses, which are reflected by the same slopes in the plot. Furthermore, both are well below the currently most stringent experimental limit of O(10 −47 ) cm 2 given by the XENON1T Collaboration. Therefore, the conclusion given in Refs. [11, 13] that the DM direct detections does not impose any relevant constraints on the present model does not change. In particular, the available parameter space given in Ref. [11, 13] is still the same, and would not change by using the exact formulae presented in Eqs. (4.1) and (4.23) in the parameter scan.
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Scalar DM: v S =1 TeV, m A =100 GeV, sinα=0.1 Figure 9 . The DM-nucleon scattering cross section σ AN as the function of m 2 . The blue solid curve represents the exact leading-order one-loop contribution in the limit of vanishing DM velocity, while the yellow dashed curve displays the approximate results proposed in Ref. [11] .
In Fig. 9 , we also show the DM-nucleon cross section as a function of the mass of non-SM-like Higgs boson h 2 with a fixed DM mass. We can see that the approximation, shown as the yellow dashed curve, substantially deviates from the exact formula in Eqs. (4.1) and (4.23) drawn as the blue solid curve. The one-loop result shows a much richer structure as the h 2 mass increases, rather than the simple scaling law predicted in Eq. (5.1). In particular, two dips appear in the exact calculation. It is easy to see that one of them is located exactly at the point where m 2 = m 1 corresponding to the vanishing of the factor (m 2 1 − m 2 2 ) in Eq. (4.23). Another dip appearing at around m 2 ∼ 30 GeV is caused by accidental cancellation between loop integrals. The location of this dip varies with the set of parameters chosen and is a combination of all input parameters, the mass of the scalars, the angle α and v S . Furthermore, note that when the h 2 mass is very small, the DM-nucleon cross section decreases as m 2 grows, in contrast with what is predicted by the approximate expression. On the other hand, when m 2 becomes much larger than the DM mass m A = 100 GeV, the two curves approach each other, indicating that the approximation becomes valid only in this region. Finally we note that there is no difference between the approximate and the exact expression in the behaviour with the angle α and with the VEV v S .
Conclusion
In this work we have computed the one-loop electroweak contribution to DM-nucleon scattering, at zero momentum transfer, in a complex singlet extension of the SM with a softly broken U (1) symmetry. It has been shown in Refs. [11, 13] that in such a simple extension of the SM with an extra complex scalar S and with a softly broken U (1) symmetry, the pseudo-Goldstone component A becomes the DM candidate and the tree-level contributions to the DM-nucleon recoiling cross section vanishes in the limit of zero momentum transfer. Therefore, the model has the attractive feature that the DM-nucleon cross section is naturally suppressed. Hence it is important to verify how large are one-loop contributions to the DM-nucleon scattering in this model. The calculation of these corrections, in the limit of zero-momentum transfer, was the main goal of this work. We have shown that, for typical parameter choices, this one-loop contribution is 10 orders of magnitude larger than the finite-velocity or finite-momentum-transfer corrections at tree-level. Therefore, we explicitly prove the expectation that the leading-order σ AN indeed arises at the one-loop level. Furthermore, with the explicit analytic expression of σ AN given in Eqs. (4.1) and (4.23), we show that the one-loop contribution is finite and approaches zero in the limit of vanishing DM mass. Finally, it has been shown that the DM-nucleon cross section is typically well below O(10 −50 cm 2 ), which is much lower than the most stringent experimental upper bounds of O(10 −47 ) from XENON1T. This indicates that this model suppresses the DM direct detection signals so effectively that it is not constrained at all by this kind of experiments. Still, these radiative corrections will be important for the next generation of DM direct detection experiments, when the values of the cross sections that can be probed will reach the level of the one-loop result presented in this work. Finally we found accidental blind spots at the one-loop level, that is, points for which the DM-nucleon scattering cross section is still vanishingly small. These blind spots appear for given combination of parameters for which a next order calculation would be needed.
A Tree-level interacting vertices
By expanding the tree-level potential in Eq. (2.1) in terms of the physical mass eigenstates h 1,2 and A, the tree-level triple-and quartic-scalar vertices can be written as follows, Therefore, the C function defined in the main text is given as follows in the m 2 A → 0 limit 6) in which x 1,2 is defined as before. By taking the zero DM mass limit, I 2 µ (m 2 1 , m 2 A ) can be reduced to which can also obtained by taking the limit of m 2 2 → m 2 1 in Eq. (B.4). Since C function is finite in the same limit as proved earlier, the D function is also finite in this limit. The same result can be applied to another D function since it is obtained from Eq. (B.5) via the exchange of m 1 ↔ m 2 .
